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‘FC The exact controllability problem
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uf — Aup—ad2 =0 inQx (0, 7)
ué'—l-a% +auy = on Qx(0,T)
up = vlr on 92 x (0, T)

(v1(+,0), u2(+,0) = (1, )t = inQ
(64(-,0). uh(~ 0))" = (u}, ud)t = u'  in 2
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uy — Aul—a% =0
" Ouy _

U2+OZW + aup =

up = vlr

(un(0), uz(- 0)) = (u, u)* = u°

(u1(0), u3(+0))" = (u, u3)* = u*

o H=12(Q) x [2(Q)
o Hyjp = HY(Q) x 12(Q)

® H_1/2 = Hj)
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(11(-.0), 1a(- 0))" = (1. u8)* = u°
(44, 0), 65(,0))" = (i, u}

o H=12(Q) x L2(Q)
) H]_/2 = H&(Q) X L2(Q)
® H_1/2 = Hj)

State space: X =H x H_y),
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‘U'FC The exact controllability problem
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uf — Auy—aG2 =0 inQx(0,T)
uy+afm + au, = on Q2 x(0,T)
up = vlr on 9Q x (0, T)
(u1(-,0), u2(-,0))" = (v, )t = u® In Q
(Ui(-,O), Ué("o))t = (U%, U%)t =ul inQ

o H=12(Q) x L2(Q)
) H]_/2 = H&(Q) X L2(Q)
® H_1/2 = Hj)

State space: X =H x H_y),

Hypotheses: a>a?>0, vVa—a?/7 ¢ N*
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‘FC The exact controllability problem
= P o«

— Aup—ad2 = in Qx(0,T)
u2—|—oz8”1—|—au2—0 on Qx (0, 7)
up = vir on IQ x (0, T)
(1(-,0), 12(,0))" = in 2
((-0), uy(-,0))" = in Q

T large enough, (0, ut) € X, (4%, u}) € X
Exact controllability problem

S T)=u% inQ
vel2(Tx(0,T u(; v , u=(u1, )"
v (T x ( ))/{u’(-,T):ulT Y (u1, wp)

o & = = E Dae
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Adjoint system: for (¢0, 1) € X; = Hypo x H

o' — Ap — ag—f =0
P+ a%f +ay =0
o =0
(#(-0), (-, 0))" = &°
(#(-,0),¢/(-,0))" = ot
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Adjoint system: for (¢0, 1) € X; = Hypo x H

gp”—Agp—aax 0

¢"+a6x+a1/1—0 "+ Ad =0

¢loa =0 = (0,00 =00 , &= (p,¥)
((-0),9(-0))" = o'(.,0) = o
(#'(-,0),4/(-,0)" =

Mixed order operator: A: D(A)C H— H
T A OZA_laxw
A("%b)_( (aaxszﬂraw )>
D(A) = {(p,0)" € H3 (Q) x L2(Q) /o + aA "0, € H* () }

Karine Mauffrey (LMB) Exact boundary controllability CIRM 2010 - 29 January 4/25



-

!_
‘U*FC

DE FRANCHE-COMTE

Well-posedness of the controlled system
FHAN(‘.NE.SWE.

. el R .
H_1 = D(A)/, X_1 = H_1/2 X H_1

Karine Mauffrey (LMB)

[m]

&
Exact boundary controllability

2L NGe
CIRM 2010 - 29 January

5/ 25



UNIVERS

Well-posedness of the controlled system
Sl . T

H_1 = D(A)/, X_1 = H_1/2 X H_1
@ Dirichlet map:

o N
D:D(D) C L?(T) — H defined by
D(D) = {vel2(r),Dv e H} and
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@ Dirichlet map:

D:D(D) C L%2(T) — H defined by
D(D) = {vel2(r),Dv e H} and
{/\DV:O

in Q
(Dv)1 =v1r

—-A

_ —ay
on 9Q’ ady  a
D is an unbounded operator from L2 (I') into H.
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H_1 = D(A)/, X_1 = H_1/2 X H_1
@ Dirichlet map:

D :D(D) C L?(T) — H defined by
D(D) = {vel2(r),Dv e H} and
{/\DV:O

in Q
(Dv)1 =v1r

—-A

_ —ay
on 9Q’ ady  a
D is an unbounded operator from L2 (I') into H.

Proposition

For every e € (1/2,1], D € L(H ('), H).
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FC Well-posedness of the controlled system
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o Control operator:

B= (A%)> : D(B) c [2(T) — X_1, with D(B) = D(D)

B is an unbounded operator from L2 (I') into X_;, with dense domain. J

o (=) = E £ Dar
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Well-posedness of the controlled system
FRANCHE. r A e -
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o Control operator:

SN
(0
B_<AD

) : D(B) C L*(I') — X_1, with D(B) = D(D)

B is an unbounded operator from L2 (I') into X_;, with dense domain.

o Maximal and dissipative operator L

0o |/

L:D(L)C X_y — X_1, L:(_A 0), with D (L) = X
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@ The associated internal control problem:
Setting z = (u, U')t,

(1)

T —Au— Oup _

Oox =
8u1 _0
U2+a 1+a”2 {Z’:Lz—i-Bv
U1|BQ—VF 0 1\t
0) = (u”, eX
u(-,0)=uw e H 2(0) = (%, )

Ul(',o) = Ul S H,1/2

[} = =
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UFC Well-posedness of the controlled system
pnsiert EEEL ST T WD . Y
@ The associated internal control problem:
Setting z = (u, u')*,

— Au—al =
5 Ox
uy — 0
(1) u2+a 1+au2 2 —lz4 By .
u =v in X_
How = 2(0) = (u°, u?)t € X '
u(+,0)=u" e H
Ul('70) = Ul S H71/2

o Consequence of the semigroup theory:

Proposition [Well-posedness]

For any (u°, u') € X and v € HY([0,T], D (D)), system (1) has a unique
solution v in H_,,,, and u€ C([0,T],H) N CY([0,T],H_,.) N C3([0, T],H_,).
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The observability inequality
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o Input map: L7 :D(Ly)C L2(T x (0, T)) — X defined by
D(LT) =4 vel?2(Tx(0,T)),LrveE X} and

Lyv = /OTS(T — t)Bv(t)dt,

where (S(t))¢>0 is the CO-semigroup associated with L.
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. 'FC The observability |nequa||ty
paneatirt AL IS T WY o
o Input map: L7 :D(Ly)C L2(T x (0, T)) — X defined by
D(Ly)={ve2(Nx(0,T)),Lyve X} and
T
Lyv = / S(T — t)Bv(t)dt,
0

where (S(t))¢>0 is the CO-semigroup associated with L.

@ Formulation of the controllability problem:
given T > 0, (u ) € X and (uT, uT) € X, tofind veD(Ly),
such that u(., T) = u%, (., T) = vt in Q.
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. FC The observability inequality
urt T W .
o Input map: L7 :D(Ly)C L2(T x (0, T)) — X defined by
D(Ly)={ve2(Nx(0,T)),Lyve X} and
Lyv = /TS(T — t)Bv(t)dt,
where (5(t))¢>0 is the Co—se(r)nigroup associated with L.

@ Formulation of the controllability problem:
given T > 0, (uo, ul) € X and (u(}, ulT) € X, tofind veD(Ly),
such that u(., T) = u%, (., T) = vt in Q.

@ Observability inequality:

(1) exactly controllable at time T <= 3C(T) > 0/V($°, ®!) € D (L% L)

H(¢0’¢1>‘ ; < C(T)/OT/r (g—f +awu1>2dadt.
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non-observability
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Eigenvalues of A:

Spectral properties of A
A

o R

o At =3 <(p2 + q2) 4 a+ \/((p2 + q?) 72 — a)® +4a2p27r2>, for
p € N*, ge N*
°a
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Eigenvalues of A:
+ 1
® A\pg=3
p € N*, g e N*
®a

al
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Spectral properties of A

T e W
a=2 a=1

Graph of ()\;q)

(p,q)EN™ XN*

Y(p,q) min(a—a2,ﬂ'2) <Xg<a

+
Graph of ()\p’q)(p,q)GN* -
)‘:’r,q ~ (p2+q2)7r2
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Spectral properties of A
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Definition

o NN

@ Spectrum of A: o (A) ={A € C / Al — A is not invertible} -
@ Essential spectrum of A:

Oess (A) = {X € 0 (A) /X is not an isolated eigenvalue with finite

multiplicity} -
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FC Spectral properties of A
OEALIME | RS . TEAN L0 SRS
Definition

@ Spectrum of A: o (A) ={A € C / Al — A is not invertible} -
@ Essential spectrum of A:

Oess (A) = {X € 0 (A) /X is not an isolated eigenvalue with finite
multiplicity} -

Proposition

Oess (A) = [a —a?, a} = set of the accumulation points of ()\;’q)(p,q)

4

@ G. Geymonat and G. Grubb

The essential spectrum of elliptic systems of mixed order
Math. Ann., 227 (1977), pp. 247-276.
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Eigenvectors of A:

o NN

° e,:,'fq(x,y) = (c;fq sin(prx)sin(qry), df
with ¢ = 2o —2)

_ t
, dy-q cos(pmx) sm(q7ry))
= and df, =
P SOkt

2apm

N —
t
® g(x,y) = (O, V/25sin (qu)) , associated with a
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Spectral properties of A
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Eigenvectors of A
+ _ +
° e q(x,y) = (cp

sin(prx) sin(qry) , dE
:t f—
with Cpq 2(%a2)

NS ——

cos(pmx) sin(qu))t
and d* = 2aprm

N —
t
® eq(x,y) (O,\/isin (qu)) , associated with a

Proposition

+
{ep,q

}pzl,qzl U {ep,q}pZLqu {eq}y>1 is a Hilbert basis of H
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An observability result (1)
X]_ = H1/2 X H,

el Y o

H* = Span({egt,q}p,qzl) H, X1i = <H1/2 N Hi) x H*
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X]_ = H1/2 X H,

H* = Span({egt,q}p,qzl) H, X1i = <H1/2 N Hi) x H*

The observability inequality does not hold in D (L%L) N X; .
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EC An observability result (1)
reastn! L 3T e R o
X]_ = H1/2 X H,

H= = span({egqtpaz1) 7o XiF = (Hijp N HE) x HE

The observability inequality does not hold in D (L%L) N X; . J

Theorem [Observability in X;]

2
_ _ /@ 2 2n (711 atao?)
Let7—4\/m. If a<27<and T > 7\/1—1—2 ()\11 a) then the

observability inequality is satisfied for any initial data (9, ®1) of the
adjoint system in D (L%-L) N X'

[§ F. Ammar Khodja, K. M. and A. Miinch

Exact boundary controllability of a system of mixed order with essential spectrum,
submitted
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Consider (¢0,¢1) € X = (H1/2 N H+) x H*.
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Sketch of the proof
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Consider (¢°,q>1) eXj = (H1/2 N H+) x H+
0 00= ¥ ofel, with ¥ A a(984)" < +o0
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Sketch of the proof
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Consider (cbo, q>1) eXj = (H1/2 N H+) x H*.

o ¢0 =

(p,q)€

> d>pqpq with
N*)Z

2
0

S g (98,) <400
(p.q)E(N*)?

(p.g)E(N*)?

2
e ol= ¥ o, with ¥ (9h,) <o

() e(N*)?
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Sketch of the proof
ACISTRTE | e . Al T ST
Consider (q>°,q>1) eXj = <H1/2 N H+) x H*.

e 0= %

oz )2q>pqpq with 50 25 (98,)" < +oo
p,9)€

(p,a)e(N*)?

2
1 ; 1
e ol= ¥ o, with ¥ (9h,) <o
(P E(N™)? (p,a)E(NT)

//( +a¢u1>2dadt:

Z/ Zq(apqem +3apq ’.\/ﬁt>2dt

pEN™ geN*

geEN* peEN™

+Z/ Zp(ap eV .t +apq Mt) 2dt
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Theorem (Mehrenberger - CRAS 09)

Let (1p.0) p,pe(n-2 © R-

We assume the existence of 717 > 0 and ~2 > 0 such that:
p<max(q,q) = |upqg*thpg|=rlatd]
g<max(p,p') = |wpqEupql=rpEp].

Then for any T > 27 712 + 712 there exists a constant C(T) > 0 such
1

2

that 7 2
S [ 3 0 (et + zpgenat)| at
pEN* 0 geN*

7 2
i t —_— —i t
+ 3 [ b (apaeest + mpgeitest) dt
geN* pEN*

>C(T) Y (PP + ) lapal

(p,q)€(N*)?
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Sketch of the proof
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2 (T 2
—/ /(8—¢+a¢ul> dodt
w2 Jo Jr \ Ov
2
Z/ Z:q<apeV pal + Ay - Pqt) dt
pEN™ 0 geN™*
2
+Z/ Zp(ap e VAnat 4 3 Pqt> dt
geEN* peEN™
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Sketch of the proof
. |
//<—+oz¢ul> dodt =

o NN

s

pEN* 0

geN™*

Zq(ap e\/: +apq

2

- Pqt> dt
—I-Z/ Zp(ap e Pqt—i—a
geEN* peEN™

2

® p<max(q,q

Pqt> dt
MaE\ gl ZrlaEd]
g <max(p,p ‘\/)\;q \/)\4’ ‘>fy|p:|:p|
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Sketch of the proof
el ¢ R
//<—+a¢ul> dodt =

o NN

s

pEN* 0

2

Zq(ap eVt 4 e W)
geN™*

dt
—I-Z/ Zp(ap e Pqt—i—a
geEN* peEN™

2
® p<max(q,q

Pqt> dt
MaE\ gl ZrlaEd]
g <max(p,p ‘\/)\;q \/)\+ ‘>fy|p:|:p|
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Sketch of the proof
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o NN

s

pEN* 0

geN™*

Zq(ap e\/: +apq

2
- Pqt> dt
2
+Z/ Zp(ap eV Aoat g, e Pqt> dt
geEN* peEN™
° p<max(q,q Mog £/ Mg | =7 latd]
g <max(p,p ‘\/)\;q \/)\+ ‘>fy|p:|:p|
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Sketch of the proof
e Y
//<—+a¢ul> dodt =

afk

s

Zq(ap eV Ap.qt +apq
pent /0

2
- Pqt> dt
qEN*

2
+Z/ Zp(ap e VAnat 4 3 Pqt> dt
geEN* peEN™

° p<max(q,q Mgt Aga| =vlatd|
g <max(p,p ‘\/)\;fq \/)\4’ ‘>7|p:|:p|
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Theorem (Mehrenberger - CRAS 09)

Let (1p.0) p,pe(n-2 © R-

We assume the existence of 717 > 0 and ~2 > 0 such that:
p<max(q,q) = |upqg*thpg|=rlatd]
g<max(p,p') = |wpqEupql=rpEp].

Then for any T > 27 712 + 712 there exists a constant C(T) > 0 such
1

2

that 7 2
S [ 3 0 (et + zpgenat)| at
pEN* 0 geN*

7 2
i t —_— —i t
+ 3 [ b (apaeest + mpgeitest) dt
geN* pEN*

>C(T) Y (PP + ) lapal

(p,q)€(N*)?
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Sketch of the proof
gy mx %L I
2
Z/ Zq<ap &'V inat +apgq Xg‘“) dt
pEN* 0 geEN*
2
+Z/ Zp<ap e ”"t-i-a Xg*“) dt
geN* peN*
2
2 2 0 : (D;laq
>C > (p +q)¢p7q— -
(Pa)e(v*)? Ap.q
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Sketch of the proof
: FR;:?:EW‘;_‘_ = : \
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2
(ap e v Pq +—a
geN*

Aﬁqf) dt
—i—Z/ Zp(ap e Pqt—l—a
geN*

pEN™

2

qu) dt
>C > (p2

1 2

2) |0 -q)p,q
p.g m
(p,q)e(N*)2 )‘qu
2
1
Z )\ H ¢p7q
p,q

(p,a)e(N*)?
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. ;EFC Sketch of the proof
AL | R . TN L0 LTI

Then we have proved:

Theorem [Observability in X;']

2
_ _ /T 2 2 (M a+)
Let’y—4\/m. If a<27x“and T > 7\/1—i-2 i a) , then there

exists CT(T) > 0 such that for any initial data (CDO,(Dl) € D(L5xL)n X,

H(cbo’(bl)‘ jﬁ = CJF(T)/OT/r (g—f +a¢ul>2dadt.
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An observability result (2)
e ; THR

al

3

Observability in the eigenspace associated with a:
H® = Span({eq}q21) H

For T>2—\7T/5,

the observability inequality also holds for any initial data
(®°,@1) in D (L3L) N ((H? N Hyj) x H2).
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. gEFC Controllability result
statintond L 00T e (R o

o H" = span({eg} ~; U{enqtpa>1 U{enati<pqaen) ¥

o HY , = span({eg} > U{€ha}pa>1U{erqticpgen) 72

o XN =HNx HN

Proposition [Controllability]

There exists To > 0, such that for any N € N*, any T > Ty, any initial
data (ug, u1) € XV and final data (u%, u}) € XV there exists v € D(L7)
such that u(-, T) = u% and J/(-, T) = u} in Q.
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Numerical experiments
e el | BT o .
0_ + 1_ +
V=Y pahg P = Y By
1<p,q<N 1<p,q<N
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®= c R2V vector of the components of (#°, ®1) in the basis {ex d1<pa<n

Karine Mauffrey (LMB)
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3 UMy SE Tl | ¢l
LR R e \
0 _ + 1 _
V= X apgepg P =
1<p,q<N

o o] -
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FC Numerical experiments
soanentont T 00T

0= apger, = ¥ B
P.q9°p,q P,q
<< P,q 1<pa<N ) pq

o+ c R2V vector of the components of (¢°, ®1) in the basis {efq}1<p7q</v

H (60 q>1)H (ATOE0%) .o, A* a diagonal matrix

.
° //(8_@ + a¢yl) dodt = (BtoE,0*) . B* a symmetric matrix
0Jr\dv ®

[} = APXN G4
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FC Numerical experiments
sensint I, W o
o0 = > apqe;[q, ol = > ﬁpqpq

1<p,g<N 1<p,g<N

®= c R2V vector of the components of (4, ®1) in the basis {ex d1<pa<n

H (60 q>1)H (ATOE0%) .o, A* a diagonal matrix

//( + a@bug dodt = (Bid)i,d)i)RQNz, B* a symmetric matrix

@ Corresponding discrete observability inequality:

(A0, 0F) .0 < G (T)(BEOE, 0F) )
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FC Numerical experiments

UNIVERSITE UNIVERSITE b N !
DE FRANCHE-COMTE e | FRANCHE. o Atimee | e 1 L Al

@ Discrete observability constant:

Ci(T) = max{\ > 0, A¥® = A\B*o, & ¢ R*V*\ {0}}

e Evolution of Ci(T) with respect to N for (a,a, T) = (4,1,3);

| n=s | w~n=10 | wn=20 | w=40 | n=80
Ci(T) | 5.01x1071 | 5.43x10~! | 571x1071 | 5.95x10~! | 6.02x107?
Cy(T) | 2.42x10! 4.41x10? 3.24x103 8.6x10* 1.01x108
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Thank you for your attention!
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