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The exact controllability problem





u′′1 −∆u1−α∂u2

∂x
= 0 in Ω× (0,T )

u′′2+α∂u1

∂x
+ au2 = 0 on Ω× (0,T )

u1 = v1Γ on ∂Ω× (0,T )

(u1(·, 0), u2(·, 0))t = (u0
1 , u

0
2)t = u0 in Ω

(u′1(·, 0), u′2(·, 0))t = (u1
1 , u

1
2)t = u1 in Ω
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State space: X = H × H−1/2

Hypotheses: a > α2 > 0,
√

a − α2/π /∈ N
∗
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The exact controllability problem





u′′1 −∆u1−α∂u2

∂x
= 0 in Ω× (0,T )

u′′2 + α∂u1

∂x
+ au2 = 0 on Ω× (0,T )

u1 = v1Γ on ∂Ω × (0,T )

(u1(·, 0), u2(·, 0))t = u0 in Ω

(u′1(·, 0), u′2(·, 0))t = u1 in Ω

T large enough, (u0, u1) ∈ X , (u0
T , u

1
T ) ∈ X

Exact controllability problem

∃? v ∈ L2 (Γ× (0,T )) /

{
u(·,T ) = u0

T in Ω

u′(·,T ) = u1
T in Ω

, u = (u1, u2)
t
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Adjoint system

Adjoint system: for (Φ0,Φ1) ∈ X1 = H1/2 × H





ϕ′′ −∆ϕ− α∂ψ∂x
= 0

ψ′′ + α∂ϕ∂x
+ aψ = 0

ϕ|∂Ω = 0

(ϕ(·, 0), ψ(·, 0))t = Φ0

(ϕ′(·, 0), ψ′(·, 0))t = Φ1
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


ϕ′′ −∆ϕ− α∂ψ∂x
= 0

ψ′′ + α∂ϕ∂x
+ aψ = 0

ϕ|∂Ω = 0

(ϕ(·, 0), ψ(·, 0))t = Φ0

(ϕ′(·, 0), ψ′(·, 0))t = Φ1

⇐⇒





Φ′′ + AΦ = 0

Φ(., 0) = Φ0

Φ′(., 0) = Φ1

, Φ = (ϕ,ψ)t

Mixed order operator: A : D (A) ⊂ H → H

A

(
ϕ
ψ

)
=

(
−∆

(
ϕ+ α∆−1∂xψ

)

α∂xϕ+ aψ

)

D (A) =
{
(ϕ,ψ)T ∈ H1

0 (Ω)× L2 (Ω) /ϕ+ α∆−1∂xψ ∈ H2 (Ω)
}
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Well-posedness of the controlled system

H−1 = D(A)′, X−1 = H−1/2 × H−1
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Well-posedness of the controlled system

H−1 = D(A)′, X−1 = H−1/2 × H−1

Dirichlet map: D : D (D) ⊂ L2 (Γ)→ H defined by

D (D) =
{

v ∈ L2 (Γ) ,Dv ∈ H
}

and
{

ΛDv = 0 in Ω

(Dv)1 = v 1Γ on ∂Ω
, Λ =

(
−∆ −α∂x

α∂x a

)
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Well-posedness of the controlled system

H−1 = D(A)′, X−1 = H−1/2 × H−1

Dirichlet map: D : D (D) ⊂ L2 (Γ)→ H defined by

D (D) =
{

v ∈ L2 (Γ) ,Dv ∈ H
}

and
{

ΛDv = 0 in Ω

(Dv)1 = v 1Γ on ∂Ω
, Λ =

(
−∆ −α∂x

α∂x a

)

D is an unbounded operator from L2 (Γ) into H.

Proposition

For every ǫ ∈ (1/2, 1], D ∈ L (Hǫ (Γ) ,H).
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Well-posedness of the controlled system

Control operator:

B =

(
0

AD

)
: D(B) ⊂ L2 (Γ)→ X−1, with D(B) = D(D)
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Well-posedness of the controlled system

Control operator:

B =

(
0

AD

)
: D(B) ⊂ L2 (Γ)→ X−1, with D(B) = D(D)

B is an unbounded operator from L2 (Γ) into X−1, with dense domain.

Maximal and dissipative operator L:

L : D (L) ⊂ X−1 → X−1, L =

(
0 I
−A 0

)
, with D (L) = X
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Well-posedness of the controlled system

The associated internal control problem:
Setting z = (u, u′)t ,

(1)





u′′1 −∆u1−α∂u2

∂x
= 0

u′′2 + α∂u1

∂x
+ au2 = 0

u1|∂Ω = v1Γ

u(·, 0) = u0 ∈ H

u′(·, 0) = u1 ∈ H−1/2

⇐⇒
{

z ′ = Lz + Bv

z(0) = (u0, u1)t ∈ X
in X−1
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⇐⇒
{

z ′ = Lz + Bv

z(0) = (u0, u1)t ∈ X
in X−1

Consequence of the semigroup theory:

Proposition [Well-posedness]

For any (u0, u1) ∈X and v ∈H1([0,T ],D (D)), system (1) has a unique
solution u in H−1/2, and u∈C([0,T ],H) ∩C1([0,T ],H−1/2)∩C2([0,T ],H−1).
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The observability inequality

Input map: LT : D (LT ) ⊂ L2 (Γ× (0,T )) → X defined by

D (LT ) =
{

v ∈ L2 (Γ× (0,T )) ,LT v ∈ X
}

and

LT v =

∫ T

0
S(T − t)Bv(t)dt,

where (S(t))t≥0 is the C0-semigroup associated with L.
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given T > 0,
(
u0, u1

)
∈ X and

(
u0

T , u
1
T

)
∈ X , to find v ∈ D (LT ),

such that u(.,T ) = u0
T , u′(.,T ) = u1

T in Ω.
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where (S(t))t≥0 is the C0-semigroup associated with L.

Formulation of the controllability problem:

given T > 0,
(
u0, u1

)
∈ X and

(
u0

T , u
1
T

)
∈ X , to find v ∈ D (LT ),

such that u(.,T ) = u0
T , u′(.,T ) = u1

T in Ω.

Observability inequality:

(1) exactly controllable at time T ⇐⇒ ∃C(T ) > 0/∀(Φ0,Φ1) ∈ D (L∗T L)
∥∥∥
(
Φ0,Φ1

)∥∥∥
2

X1

≤ C(T )

∫ T

0

∫

Γ

(
∂ϕ

∂ν
+ αψν1

)2

dσdt.
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The observability inequality

G. Geymonat, V. Valente
A noncontrollability result for systems of mixed order,
SIAM J. Control Optim. 39(3) 661–672 (2000).
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The observability inequality

G. Geymonat, V. Valente
A noncontrollability result for systems of mixed order,
SIAM J. Control Optim. 39(3) 661–672 (2000).

mixed order operator
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The observability inequality

G. Geymonat, V. Valente
A noncontrollability result for systems of mixed order,
SIAM J. Control Optim. 39(3) 661–672 (2000).

mixed order operator → essential spectrum
⇓

non-observability

Karine Mauffrey (LMB) Exact boundary controllability CIRM 2010 - 29 January 9 / 25



Spectral properties of A

Eigenvalues of A:

λ±p,q = 1
2

((
p2 + q2

)
π2 + a ±

√
((p2 + q2)π2 − a)

2
+ 4α2p2π2

)
, for

p ∈ N
∗, q ∈ N

∗

a
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Spectral properties of A

Eigenvalues of A:

λ±p,q = 1
2

((
p2 + q2

)
π2 + a ±

√
((p2 + q2)π2 − a)

2
+ 4α2p2π2

)
, for

p ∈ N
∗, q ∈ N

∗

a

b

0

b

min(a−α2,π2)

b

a−α2

b

a

b

λ+
1,1

λ−p,q λ+
p,q

λ+
p,q∼(p2+q2)π2
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Spectral properties of A

a = 2, α = 1

Graph of
(
λ
−
p,q

)
(p,q)∈N

∗
×N
∗

∀(p,q) min(a−α2,π2) ≤ λ−p,q ≤ a

Graph of
(
λ

+
p,q

)
(p,q)∈N

∗
×N
∗

λ+
p,q ∼ (p2+q2)π2
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Spectral properties of A

Definition

Spectrum of A: σ (A) = {λ ∈ C / λI − A is not invertible} ·
Essential spectrum of A:

σess (A) = {λ ∈ σ (A) /λ is not an isolated eigenvalue with finite

multiplicity} ·
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Spectral properties of A

Definition

Spectrum of A: σ (A) = {λ ∈ C / λI − A is not invertible} ·
Essential spectrum of A:

σess (A) = {λ ∈ σ (A) /λ is not an isolated eigenvalue with finite

multiplicity} ·

Proposition

σess (A) =
[
a − α2, a

]
= set of the accumulation points of

(
λ−p,q

)
(p,q)

G. Geymonat and G. Grubb
The essential spectrum of elliptic systems of mixed order

Math. Ann., 227 (1977), pp. 247–276.
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Spectral properties of A

Eigenvectors of A:

e±p,q(x , y) =
(
c±p,q sin(pπx) sin(qπy) , d±p,q cos(pπx) sin(qπy)

)t

with c±p,q =
2(λ±p,q−a)√

(λ±p,q−a)
2
+α2p2π2

and d±p,q = 2αpπ√
(λ±p,q−a)

2
+α2p2π2

eq(x , y) =
(
0,
√

2 sin (qπy)
)t

, associated with a

Proposition
{

e+
p,q

}
p≥1,q≥1

∪
{

e−p,q
}

p≥1,q≥1
∪ {eq}q≥1

is a Hilbert basis of H.
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An observability result (1)

X1 = H1/2 × H,

H± = span({e±p,q}p,q≥1) H , X±1 =
(
H1/2 ∩ H±

)
× H±
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An observability result (1)

X1 = H1/2 × H,

H± = span({e±p,q}p,q≥1) H , X±1 =
(
H1/2 ∩ H±

)
× H±

The observability inequality does not hold in D (L∗T L) ∩ X−1 .
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An observability result (1)

X1 = H1/2 × H,

H± = span({e±p,q}p,q≥1) H , X±1 =
(
H1/2 ∩ H±

)
× H±

The observability inequality does not hold in D (L∗T L) ∩ X−1 .

Theorem [Observability in X
+
1 ]

Let γ = π
√
π

4
√

2π+|α|
. If a ≤ 2π2 and T > 2π

γ

√
1 + 2

(
λ+

1,1
−a+α2

)2

(
λ+

1,1
−a
)2 , then the

observability inequality is satisfied for any initial data (Φ0,Φ1) of the
adjoint system in D (L∗T L) ∩ X+

1 .

F. Ammar Khodja, K. M. and A. Münch
Exact boundary controllability of a system of mixed order with essential spectrum,
submitted
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Sketch of the proof

Consider
(
Φ0,Φ1

)
∈ X+

1 =
(
H1/2 ∩ H+

)
× H+.

Φ0 =
∑

(p,q)∈(N∗)2

Φ0
p,qe+

p,q with
∑

(p,q)∈(N∗)2

λ+
p,q

(
Φ0

p,q

)2
< +∞

Φ1 =
∑

(p,q)∈(N∗)2

Φ1
p,qe+

p,q with
∑

(p,q)∈(N∗)2

(
Φ1

p,q

)2
< +∞
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Theorem (Mehrenberger - CRAS 09)

Let (µp,q)(p,q)∈(N∗)2 ⊂ R.

We assume the existence of γ1 > 0 and γ2 > 0 such that:

p ≤ max
(
q, q′

)
⇒

∣∣µp,q ± µp,q′
∣∣ ≥ γ1

∣∣q ± q′
∣∣

q ≤ max
(
p, p′

)
⇒

∣∣µp,q ± µp′,q

∣∣ ≥ γ2

∣∣p ± p′
∣∣ .
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√
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γ2
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dt

≥ C(T )
∑

(p,q)∈(N∗)2

(
p2 + q2
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Theorem (Mehrenberger - CRAS 09)
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p,qt + ãp,qe−i
√
λ+

p,qt

)∣∣∣∣∣∣

2

dt

≥ C
∑

(p,q)∈(N
∗)2

(
p2 + q2

)
∣∣∣∣∣∣
Φ0

p,q − i
Φ1

p,q√
λ+

p,q

∣∣∣∣∣∣

2

≥ C ′
∑

(p,q)∈(N
∗)2

λ+
p,q

∣∣∣∣∣∣
Φ0

p,q − i
Φ1

p,q√
λ+

p,q

∣∣∣∣∣∣

2

= C ′
∥∥∥
(
Φ0,Φ1

)∥∥∥
2

X1

.

Karine Mauffrey (LMB) Exact boundary controllability CIRM 2010 - 29 January 19 / 25



Sketch of the proof

2

π2

∫ T

0

∫

Γ

(∣∣∣∣
∂ϕ

∂x
+αψ

∣∣∣∣
2

+

∣∣∣∣
∂ϕ

∂y

∣∣∣∣
2
)

dσdt =

∑

p∈N
∗

∫ T

0

∣∣∣∣∣∣

∑

q∈N
∗

q

(
ap,qei

√
λ+

p,qt + ap,qe−i
√
λ+

p,qt

)∣∣∣∣∣∣

2

dt

+
∑

q∈N
∗

∫ T

0

∣∣∣∣∣∣

∑

p∈N
∗

p

(
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p,qt + ãp,qe−i
√
λ+

p,qt

)∣∣∣∣∣∣

2

dt

≥ C
∑

(p,q)∈(N
∗)2

(
p2 + q2

)
∣∣∣∣∣∣
Φ0

p,q − i
Φ1

p,q√
λ+

p,q

∣∣∣∣∣∣

2

≥ C ′
∑

(p,q)∈(N
∗)2

λ+
p,q

∣∣∣∣∣∣
Φ0

p,q − i
Φ1

p,q√
λ+

p,q

∣∣∣∣∣∣

2

= C ′
∥∥∥
(
Φ0,Φ1

)∥∥∥
2

X1

.

Karine Mauffrey (LMB) Exact boundary controllability CIRM 2010 - 29 January 19 / 25



Sketch of the proof

Then we have proved:

Theorem [Observability in X
+
1 ]

Let γ = π
√
π

4
√

2π+|α|
. If a ≤ 2π2 and T > 2π

γ

√
1 + 2

(
λ+

1,1
−a+α2

)2

(
λ+

1,1
−a
)2 , then there

exists C+(T ) > 0 such that for any initial data
(
Φ0,Φ1

)
∈ D (L∗T L) ∩ X+

1

∥∥∥
(
Φ0,Φ1

)∥∥∥
2

X1

≤ C+(T )

∫ T

0

∫

Γ

(
∂ϕ

∂ν
+ αψν1

)2

dσdt.
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An observability result (2)

Observability in the eigenspace associated with a:

Ha = span({eq}q≥1
) H

For T > π
2
√

a
, the observability inequality also holds for any initial data

(Φ0,Φ1) in D (L∗T L) ∩
(
(Ha ∩ H1/2)× Ha

)
.
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Controllability result

HN = span({eq}q≥1
∪ {e+

p,q}p,q≥1 ∪ {e−p,q}1≤p,q≤N) H

HN
−1/2

= span({eq}q≥1
∪ {e+

p,q}p,q≥1 ∪ {e−p,q}1≤p,q≤N) H−1/2

X N = HN × HN
−1/2

Proposition [Controllability]

There exists T0 > 0, such that for any N ∈ N
∗, any T > T0, any initial

data (u0, u1) ∈ X N and final data (u0
T , u

1
T ) ∈ X N there exists v ∈ D(LT )

such that u(·,T ) = u0
T and u′(·,T ) = u1

T in Ω.
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Numerical experiments

Φ0 =
∑

1≤p,q≤N

αp,qe±p,q, Φ1 =
∑

1≤p,q≤N

βp,qe±p,q
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Numerical experiments

Φ0 =
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1≤p,q≤N

αp,qe±p,q, Φ1 =
∑

1≤p,q≤N

βp,qe±p,q

Φ
±∈R

2N2

: vector of the components of (Φ0,Φ1) in the basis {e±p,q}1≤p,q≤N
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: vector of the components of (Φ0,Φ1) in the basis {e±p,q}1≤p,q≤N

∥∥∥(Φ0,Φ1)
∥∥∥

2

X1

= (A±Φ
±,Φ±)

R2N2 , A
± a diagonal matrix
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X1

= (A±Φ
±,Φ±)

R2N2 , A
± a diagonal matrix

∫ T

0

∫

Γ

(
∂ϕ

∂ν
+ αψν1

)2
dσdt = (B±Φ

±,Φ±)
R2N2 , B

± a symmetric matrix
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Numerical experiments

Φ0 =
∑

1≤p,q≤N

αp,qe±p,q, Φ1 =
∑

1≤p,q≤N

βp,qe±p,q

Φ
±∈R

2N2
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∥∥∥

2

X1

= (A±Φ
±,Φ±)

R2N2 , A
± a diagonal matrix

∫ T

0

∫

Γ

(
∂ϕ

∂ν
+ αψν1

)2
dσdt = (B±Φ

±,Φ±)
R2N2 , B

± a symmetric matrix

Corresponding discrete observability inequality:

(A±Φ
±,Φ±)

R2N2 ≤ C±N (T )(B±Φ
±,Φ±)

R2N2
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Numerical experiments

Discrete observability constant:

C±N (T ) = max{λ > 0, A
±
Φ = λB

±
Φ, Φ ∈ R

2N2 \ {0}}

Evolution of C±N (T ) with respect to N for (a, α,T ) = (4, 1, 3):

N=5 N=10 N=20 N=40 N=80

C+
N

(T ) 5.01×10−1 5.43×10−1 5.71×10−1 5.95×10−1 6.02×10−1

C−
N

(T ) 2.42×101 4.41×102 3.24×103 8.6×104 1.01×106
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Thank you for your attention!

Karine Mauffrey (LMB) Exact boundary controllability CIRM 2010 - 29 January 25 / 25


